Abstract. We prove a vanishing result for critical points of the supersymmetric nonlinear sigma model on complete Riemannian manifolds of positive Ricci curvature in higher dimensions, that is for domains of dimension n bigger than two, under energy assumptions. More precisely, we demand that the L p -norm of the energy associated to the supersymmetric nonlinear sigma model is finite and its L n -norm sufficiently small, where 2 < p < n.
Introduction and results
The supersymmetric nonlinear σ-model is an important model in modern quantum field theory. The precise form of its energy functional is dictated by various symmetries as for example the invariance under diffeomorphisms on the domain and supersymmetry transformations. In the physics literature it is usually formulated in the language of supergeometry. On the other hand, when neglecting the invariance under supersymmetry transformations, this model can also be studied using well-established tools from the geometric calculus of variation and there is a growing interest in this mathematical version. This mathematical study was initiated in [11] , where the notion of Dirac-harmonic maps was introduced. The action functional for Dirac-harmonic maps consists of the well-studied Dirichlet energy for a map between two Riemannian manifolds and a vector spinor that is defined along the map. The critical points of this functional naturally couple the harmonic map equation with spinor fields. However, Dirac-harmonic maps only capture part of the critical points of the supersymmetric nonlinear sigma model. Its full action contains additional terms: Considering also a curvature term that is quartic in the spinors one is led to Dirac-harmonic maps with curvature term, see [3, 10] and also [7] . Dirac-harmonic maps to target spaces with torsion are analyzed in [4] . Taking into account and additional two-form in the action functional the resulting equations were studied in [2] . Recently, there has been an intensive study of the supersymmetric nonlinear σ-model coupled to a gravitino [15] which is the superpartner of the metric on the domain. For a recent overview on the mathematical analysis of the supersymmetric nonlinear σ-model see the survey [14] . The action functional of the supersymmetric sigma model is special if the domain manifold is two-dimensional since in this case the action is invariant under conformal transformations and its critical points share special properties such as the removal of isolated singularities. For the simplest mathematical version of the supersymmetric nonlinear σ-model, that is Diracharmonic maps, several existence result could be achieved. Making use of the Atiyah-Singer index theorem uncoupled solutions of the equations for Dirac-harmonic maps could be obtained in [1] . Employing the heat-flow method an existence result for the domain being a compact surface with boundary could be established in [16] . In this article we are aiming in the opposite direction, namely we want to give a criterion ensuring that solutions of the critical points of the supersymmetric nonlinear σ-model must be trivial, meaning that the map part maps to a point and the vector spinor vanishes identically.
Let us now describe the mathematical structure that we are using in more detail. In the following we will assume that (M, g) is a complete Riemannian spin manifold of dimension n = dim M ≥ 3 and (N, h) a second complete Riemannian manifold of bounded geometry. Whenever we will make use of indices we use Latin letters for indices related to M and Greek letters for indices related to N . The spin assumption guarantees the existence of the spinor bundle ΣM and sections in this bundle are called spinors. The spinor bundle is a vector bundle over the manifold M that is equipped with a connection ∇ ΣM and a hermitian scalar product. On the spinor bundle there exists the algebraic operation of Clifford multiplying a spinor with a tangent vector, which is skew-symmetric
for all X ∈ T M and ψ, ξ ∈ Γ(ΣM ). Moreover, the Clifford relations
hold for all X, Y ∈ T M and ψ ∈ Γ(ΣM ). Let φ : M → N be a map and let φ * T N be the pull-back of the tangent bundle from N . We consider the twisted bundle ΣM ⊗ φ * T N , on this bundle we obtain a connection induced from ΣM and φ * T N , which will be denoted by∇. Sections in ΣM ⊗ φ * T N are called vector spinors.
On ΣM ⊗ φ * T N we have a scalar product induced from ΣM and φ * T N , we will denote its real part by ·, · . The twisted Dirac operator acting on vector spinors is defined by
where e i , i = 1, . . . , dim M is an orthonormal basis of T M . Note that the operator / D is elliptic. Moreover, we assume that the connection on φ * T N is metric, thus / D is also self-adjoint with respect to the L 2 -norm if M is compact. In this article we want to focus on the system of partial differential equations that arises as critical points of the full supersymmetric nonlinear sigma model without referring to the concrete structure, see [5] for a previous analysis. The critical points satisfy a coupled system of the following form
Here, τ (φ) := tr g ∇dφ ∈ Γ(φ * T N ) denotes the tension field of the map φ and the other terms represent the analytical structure of the right hand side. We will always assume that the endomorphisms A, B, C, E and F are bounded. The structure of this system is motivated by the scaling behavior of φ and ψ. More precisely, it arises when we give weight 0 to the map part and weight 1/2 to the vector spinors. Recently, an existence result for a system of the form (1.1), (1.2) could be obtained in the case that the domain manifold is a Lorentzian spacetime that expands sufficiently fast [9] . In this article we will give a vanishing result for finite energy solutions of the system (1.1), (1.2) on higher-dimensional complete Riemannian manifolds.
Theorem 1.1. Let (φ, ψ) be a smooth solution of the system (1.1), (1.2) . Suppose that the Ricci curvature of M is positive and that the injectivity radius of M is positive. Assume that the manifold N has bounded geometry. If
for 2 < p < n and ε > 0 sufficiently small, then φ must be trivial and ψ vanishes identically.
Remark 1.2.
In string theory one is interested in supersymmetric sigma models with a twodimensional domain since once is looking for a "generalized" surface of minimal area in a given target space. However, supersymmetric sigma models also have interesting features in higher dimensions, see for example [12, Chapter 3] such that our main result also has applications in theoretical physics.
Remark 1.3. The small number ε in condition (1.4) in Theorem 1.1 can also be made explicit, its precise value can be found in the proof of Theorem 1.1. Moreover, we want to mention that demanding the smallness of the L n -norms of dφ and |ψ| 2 is a natural condition since these norm scale in the correct way.
This article is organized as follows: In section 2 we present the proof of the main result and in the last section we make a short comment on Dirac-harmonic maps with curvature term that are also critical with respect to the domain metric.
2. Proof of theorem 1.1
Our method of proof is inspired from a global pinching lemma established in [18] and a recent result on biharmonic maps between complete Riemannian manifolds [8] . Throughout the proof we will employ the usual summation convention, that is we will sum over repeated indices. We will make use of a cutoff function 0 ≤ η ≤ 1 on M that satisfies
where B r (x 0 ) denotes the geodesic ball around x 0 with radius r. Moreover, we employ the Weitzenböck formula for the twisted Dirac-operator / D, that is
Here,∆ denotes the connection Laplacian on ΣM ⊗ φ * T N , S M denotes the scalar curvature on M and R N is the curvature tensor on N . This formula can be deduced from the general Weitzenböck formula for twisted Dirac operators, see [17, Theorem 8.17 ].
Lemma 2.1. Suppose that ψ ∈ Γ(ΣM ⊗ φ * T N ) is a smooth solution of (1.2) and fix q > 2. Then the following inequality holds
where δ 1 , δ 2 are two positive numbers and
Proof. Combining (1.2) and (2.1) we obtaiñ
Testing this equation with η 2 |ψ| q−2 ψ and integrating over M we find
Note that the terms involving derivatives of E(φ) and F (φ) vanish due to the skew-symmetry of the Clifford multiplication. Moreover, using integration by parts and the properties of the cutoff function η, we find
Combining both equations we get
The result follows by using the inequalities
As a next step we derive a similar inequality for the differential of the map φ.
Lemma 2.2. Suppose that φ : M → N is a smooth solution of (1.1) and fix r > 2. Then the following inequality holds
where
Proof. Recall that for a map between two Riemannian manifolds the following Bochner formula holds ∆dφ(e i ) = dφ(Ric M (e i )) + R N (dφ(e j ), dφ(e i ))dφ(e j ) + ∇ e i τ (φ).
Testing this equation with η 2 |dφ| r−2 dφ(e i ) and integrating over M we find
Using integration by parts we may rewrite
This allows us to deduce the following inequality
Moreover, making use of (1.1) we may estimate
The result follows by combining both equations.
We may combine Lemmas 2.1 and 2.2 to obtain the following Lemma 2.3. Suppose that the pair (φ, ψ) is a smooth solution of (1.1), (1.2). Then the following inequality holds
4)
where p > 1.
Proof. First, we add up (2.2) with q = 4p and (2.3) with r = 2p to get the following inequality
In order to estimate the terms on the right hand side containing both ψ and dφ we use the general Young inequality to obtain
In addition, we have
Combining all the estimates then yields the claim.
Now we recall the following fact: Let (M, g) be a complete Riemannian manifold whose Ricci curvature is bounded from below and with positive injectivity radius. Then for f ∈ W 1,s (M ) with compact support the following Gagliardo-Nierenberg type inequality holds
see [13, Corollary 3.19 ]. This inequality allows us to give the following
Choosing ε small enough and using the finiteness assumption (1.3) we may take the limit R → ∞ and obtain
Since we are assuming that M has positive Ricci curvature, and thus also positive scalar curvature, this completes the proof.
Remark 2.5. Note that we make use of the positivity of the Ricci curvature on the domain twice in the proof: First, we need Ricci curvature bounded from below to apply the GagliardoNierenberg inequality. Moreover, we need positive Ricci curvature in the last step of the proof of the main result.
3.
A remark on Dirac-harmonic maps with curvature term in higher dimensions
In this section we want to make a comment on Dirac-harmonic maps with curvature term from domain manifolds with dim M ≥ 3. The energy functional for Dirac-harmonic maps with curvature term is given by
Here, the indices are contracted as
which ensures that the functional is real valued. The critical points of the energy functional (3.1) are given by
2) For a derivation of the energy-momentum tensor see [6, Lemma 5.3] . In the mathematics literature one calls an energy functional that is critical with respect to the domain metric stationary. A vanishing result for stationary Dirac-harmonic maps with curvature term with finite energy from complete Riemannian manifolds has been obtained in [6, Theorem 5.4] . For a smooth Dirac-harmonic map with curvature term that is also critical with respect to the domain metric, that is a solution of the system (3.2), (3.3), (3.4), we obtain the following vanishing result Theorem 3.1. Let the triple (φ, ψ, g) be a smooth Dirac-harmonic map with curvature term that is critical with respect to the domain metric. If dim M ≥ 3 and the target has positive sectional curvature then φ is constant and ψ vanishes identically.
Proof. Taking the trace of (3.4) and using (3.3) we find 0 =(2 − n)|dφ| 2 + ψ, / Dψ − n 6 R N (ψ, ψ)ψ, ψ =(2 − n)(|dφ| 2 + 1 6 R N (ψ, ψ)ψ, ψ ).
For n > 2 and N having positive sectional curvature we can immediately deduce that φ is constant and that ψ is trivial. Note that we actually do not require that the map φ satisfies (3.2).
Remark 3.2. It is clear that such a result does not hold if n = 2 since the energy functional (3.1) is conformally invariant in this case. The above result would also hold if we consider an additional two-form in the action functional as in [2] since this does not give a contribution to the energy-momentum tensor.
